o 

(N 



m 
(N 



^ 



^ 



Torus knot state asymptotics 

L. Charles* 
July 26, 2011 

Abstract 



f-H ' The state of a knot is defined in the realm of Chern-Simons topologi- 

rn , cal quantum field theory as a holoniorphic section on the SU2-character 

manifold of the peripheral torus. We compute the asymptotics of the 
torus knot states in terms of the Alexander polynomial, the Reide- 
2 ' meister torsion and the Chern-Simons invariant. We also prove that 

the microsupport of the torus knot state is included in the character 
manifold of the knot exterior. As a corollary we deduce the Wit- 
ten asymptotics conjecture for the Dehn filling of the torus knots and 
^ ' asymptotic expansions for the colored Jones polynomials. 

(N 

)0 ■ 1 Introduction 

'NT 

C"^ I In the seminal paper |Wit89j . Witten developed a quantum field theory with 

^-^ ■ Chern-Simons action, which allowed him to reinterpret Jones polynomials 

and to introduce new invariants of three dimensional manifolds. He showed 
that the semi-classical limit of this theory involves Chern-Simons invariant 
and Reidemeister torsion. 

In collaboration with Julien Marche |CMllallCMllb] . we applied meth- 
5^ I ods of semi-classical analysis to investigate this limit. We conjectured that 

the knot states are Lagrangian state supported by the character manifold 
of the knot exterior with as symbol the Reidemeister torsion and phase the 
Chern-Simons invariant. As a consequence the Witten-Reshetikhin-Turaev 
invariant of the Dehn filling of the knots have the asymptotic expansion 
predicted by Witten. We proved our conjecture for the figure eight knot in 
[CMllatlCMllb] , In the present paper, we prove it for the torus knots. 
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The knot state is computed from the colored Jones polynomial of the 
knot. The asymptotic behavior of the colored Jones polynomial of the torus 
knot has been considered in many works, including the Melvin-Morton paper 
|MM95j . the Volume conjecture of Kashaev [KTOOj and its further develop- 
ment by Murakami |Mur04j , Hikami |Hik04bj , and Dubois-Kashaev |DK07j , 
cf. [HMlOj for more references. Our results are rather different in that we 
do not consider directly the colored Jones polynomials, but the knot state. 
Let us be more precise. 

Following [RT91J . associated to the Lie group SU2 and to a positive 
integer A; is a topological quantum field theory (tqft), that is a functor from 
a cobordism category to the category of Hermitian vector spaces. Let K be 
a knot in the three dimensional sphere. Denote by Ek the complement of 
an open tubular neighborhood of K and by S = dEx the peripheral torus 
of K. The tqft associates to S a (A; — 1) dimensional Hermitian space 14 (S) 
and to Ek a vector Zk^Ex) G Vfc(i;), that we call the knot state. Vfc(S) 
admits an orthonormal basis (e^) such that the coefficient of the knot state 
are evaluations of the colored Jones polynomials {Jg) of the knot, 

Zk{EK) = Msm{7r/k) J] J,(_e-/2fc)e^ 

i=l,...,k-l 

Here the Jones polynomials are normalized in such a way that for the trivial 
knot Mt) = {t^' - i-2^)(t2 - t-2)-i 

Let MiTi) be the space of representations of the fundamental group 
7r(S) in SU2 up to conjugation. The space Vfc(S) is isomorphic to the ge- 
ometric quantization 7^^ at level k of MiT,). The moduli space MiT,) is 
a complex orbifold with four singular points corresponding to the central 
representations. It it the base of two holomorphic line (orbi-)bundles, the 
Chern-Simons bundle Lcs and a half-form bundle 5 respectively. The quan- 
tum space T-L'^^ is the space of holomorphic sections of L^g (8) 8- It can be 
described very explicitly as a space of theta functions. In this paper we will 
identify Vfc(S) and T-L"^^ using a special class of isomorphisms introduced in 
|(Mllaj . 

Let M{Ek) be the moduli space of representations tt{Ek) — )• SU2 up 
to conjugation. M.{Ek) is the union of M^^{Ek) and M^'^'^{Ek) which 
consist respectively of abelian and irreducible representations. M^^{Ek) is 
(homeomorphic to) a closed interval, its endpoints being central representa- 
tions and its interior consisting in abelian non central representations. For 
the torus knot with parameter (a, 6), the closure oi JW"{Ek) in M.{Ek) is 
the disjoint union of (a — l){h — l)/2 closed intervals. The interior of each 



of these intervals consists of irreducible representations and the endpoints 
are abelian non central representations. So there are exactly (a — !)(& — 1) 
abelian representations which are limits of irreducible ones. Denote by Xk 
the set of these representations. 

Since the boundary of E^ is the peripheral torus S, there is a natural 
map r from A4.[Ek) to 7W(S). For torus knots, the restrictions of r to 
M.^^{Ex) and to each component of the closure of M^"{Ex) are embed- 
dings. Nevertheless r is not injective. 

Theorem 1.1. Let K he a torus knot with parameter {a,b) and let t be a 
non central representation in Ai{T,). Then if t ^ r{Ai{EK)), 

Zk{EK){T) = 0(A:"^), ViV 

If T £ r{Ai{EK)) \r{XK), then we have an asymptotic expansion 

Z,{EK){r) = Y. CS'=(/^)^V'^ 

^ p(ir-^{a)r\M^'°{EK) V ^^ P' n6Z>o / 

where for any p G Ai{EK) 

- CS(/9) is the Chern-Simons invariant of p, 



Y^T(p) is one of the four square roots of the Reidemeister torsion of p 

2k \ ab 



ifpG M'^iEK) and pu = exp(i4(-^ + f )) = 1 + 0{k-^ 



- Xp is an eigenvalue of p{p) with p a meridian, A/^ G Z[t^^] is the 
Alexander polynomial of K, (a„(/9),n > Q) is a family of complex 
numbers, if p G M^^{Ek)- 

Let us comment the various ingredients. Chern-Simons invariants for 
three-dimensional oriented compact manifolds with boundary have been 
defined in |RSW89] . In particular, any representation p G Jv[[Ek) has 
a Chern-Simons invariant CS(p) which is a unitary vector in the fiber of 
Lcs^-M(S)atr(p). 

Any irreducible representation p G Ai^"{EK) has a Reidemeister Tor- 
sion T(p) which is a linear form of H^{EK,A.dp) well-defined up to sign. 
H^{EK,A.dp) is naturally isomorphic to the tangent space of J^"^{Ek) at 



p. Any vector in T*Ai^"{EK) admits a square root well-defined up to sign 
in 6 p. So the Reidemeister T{p) has exactly four square root in 6p. 

Our normalization for the Alexander polynomial is such that A/^(l) = 1 
and Ax(t) = Ai^(t~^). An abelian representation p in A4''^^{Ek) belongs to 
Xk if and only if the squares of the eigenvalues of p{p) are roots of A^- So 
the leading term of the asymptotic expansion is not defined precisely when 
T G r{XK). 

Finally, ^x{t) is a vector in the fiber 6r of the half- form bundle, which 
depends (up to a power of i) on the choice of the isomorphism 14 (S) ~ T~(-f^. 
It does not depend on the knot. 

We actually prove finer results which give the asymptotic expansion of 
the torus knot states at any representation r E A^(S) \ r(X/<) uniformly 
with respect to r, cf. Theorems I4.12| 1 4.131 and 14.141 This uniform asymp- 
totic expansion contains the transition between r{M{EK)) and the comple- 
mentary set. As was proved in |CMllb| . these results imply the Witten 
asymptotic expansion conjecture for Dehn fillings of the torus knot. For 
any three dimensional closed oriented manifold M, we denote by Z^^M) the 
Witten- Reshetikhin-Turaev invariant of M. 

Theorem 1.2. Let M he a manifold obtained by Dehn surgery on a torus 
knot K . Assume that for any representation p G M[M) the restriction of p 
to the knot exterior Ek does not belong to Xk- Then 



Zk{M)= Y, e''^k<P^a{p,k)CS{pf + 0{k-°°) 
p&M{M) 

where for any p G Ai{M), m{p) is an integer, n{p) = 0, —1/2 or —3/2 
according to whether p is irreducible, abelian non-central or central. Fur- 
thermore {a[p^k))k is a sequence which admits an asymptotic expansion of 
the form ao(/o) -^r k~^ai{p) -\- . . .. The leading coefficient is given by 



Mp) 



2^^(T(p)) if p is irreducible 
2~^'^(T(/9)) if P is abelian non-central 
l}l'^T\ Ip^I'^ if P is central. 



where {p, q) are the parameters of the surgery. 

The condition that no representation of M restricts to a representation 
in Xk is equivalent to the following assertion: for any integers i and m such 



that m is not divisible by a or b, the surgery coefficient satisfies 

q m 

Here {a,b) are the parameters of the torus knot. By Moser |Mos71j . the 
Dehn ffihng of the torus knot are Seifert manifolds. The Witten asymptotic 
expansion conjecture has already been proved for many Seifert manifolds, 
cf. the discussion in |CMllbj . 

As another corollary, we obtain an asymptotic expansion for Jm{—e^^') 
in the large m and k limit, in the regime where m/k is bounded. When 
I ^ I < 2^ , this asymptotic expansion is an analytic version of the Melvin- 
Morton-Rozanski theorem, the leading order term being a function of the 
Alexander polynomial. When ^ < ^ < 5 ~ 206' ^^^ leading order term 
involves the Reidemeister torsion and Chern-Simons invariant of the irre- 
ducible representations of the knot exterior, cf. Theorem 16.11 

To complete this introduction, let us discuss our proof. First the col- 
ored Jones polynomials of the torus knot have been computed by Mor- 
ton in |Mor95j . Hikami proved that they satisfy some qi-difference relations 
|Hik04aj . From these relations, one deduces equations satisfied by the knot 
state on which our study is based. These equations involve two characteristic 
sets Aq and Aab in the moduli space M{T,) ~ M^/Z^ xi Z2 

Aq = {[0,x]/ X G M}, Aab = {[-abx,x]/ x G R}U{[-abx,x+^]/ x G R}. 

The set ^0 is the image r{M^^{EK)) whereas Aab contains r{M^^^{EK))- 
We proved in jCMllaj that the knot state is 0{k~°°) on the complementary 
set of ^oU^ab- We also obtained the asymptotic expansion of the knot state 
on ^0 \ ^afei the remaining set Aab is treated in the present paper. 

^ab \ ^0 is the union of ab open intervals {Ij)j- On each of them, the 
knot state behaves as a Lagrangian state similarly to a WKB solution of 
a differential equation. The difficulty is to understand what happens when 
we pass from one interval to another. It is clear from Theorem 11.11 that 
something non trivial must occur, because the restriction of r from r~^{Ij) 
to Ij is a covering which degree depends on j. For some intervals Jj, it 
even happens that r~^{Ij) is empty so that the knot state is 0{k~°°) on 
Ij. Fortunately, we can solve this problem by using elementary techniques. 
Essentially we work with an adapted basis where we can compute explicitly 
the knot state and extract easily its asymptotics. It is surprising that we can 
in this way determine explicitly the asymptotics expansion on the irreducible 
representations up to a 0{k~°°). To the contrary, the proof in [CMllaj based 



on Toeplitz operators, just gives the leading term of the asymptotics. The 
study at the intersection Iq n lab is more difficult. We consider only the 
points X S Iq n lab whose preimage r~^{x) consists of regular points. The 
other points, which form the set r{XK), are not considered in this article. 

The paper is organized as follows. Section [2] is devoted to the geometric 
quantization of tori, including the Heisenberg group representation and its 
semi-classical limit. We introduce the knot sates and the vector spaces 14 (S) 
in section [3l The analytical results are proved in section UJ their topological 
interpretation is made in Section [5l 
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2 On the geometric quantization of tori 

2.1 Finite Heisenberg group representations 

Consider a real two dimensional symplectic vector space {E, uj) with a com- 
patible linear complex structure j. Let {S,ip) be half-form line, that is 5 is 
a complex line and (p an isomorphism from 6^'^ to the canonical line 

Kj = {aeE* (g, C/a{j-) = ia}. (1) 

Let a G il^(£^,C) be given by ax{y) = ^uj{x,y). Denote by L the trivial 
complex line bundle over E endowed with the connection d+^a and with the 
unique compatible holomorphic structure. Consider the trivial holomorphic 
line bundle with fiber 6 and base E and denote it by 6 again. 

Let khe a positive integer. The Heisenberg group at level k is E x U{1) 
with the product 

{x,u).(y,v) = (^x + y,uvexp\^—uj{x,y)jj. (2) 

The same formula where iy,v) G L 5 ^ E x C defines an action of the 
Heisenberg group on L^ 6. For any x £ E, we denote by T* the pull-back 
by the action of (x, 1), explicitly 

(T:^)(y) =exp(-i-a;(x,y))^(x + y) (3) 

for any section ^ of L^®5. This operator preserves the space of holomorphic 
sections. 



Let A^ be a positive integer. Let Rhe a lattice of E with a basis (e, /) 
such that uj{e, f) = 2'kN. Then R x {1} is a subgroup of the Heisenberg 
group. Define T-L^ as the space of i?-invariant holoniorphic sections of L 06. 
So a holoniorphic section ^ belongs to Ti^ if and only if T^^ = "^ for any 
X ^ R. Ti^ is a finite dimensional space with dimension Nk. It has a natural 
scalar product given by 

(^1,^2)= /(^i(x),^2(x))5|a;|(x), ^i,^2G^fc (4) 

JD 

where D is any fundamental domain of R. Here 5 is endowed with the metric 
making the isomorphism (/? : 5^ — t- Kj an isometry. 

Let U2Nk be the group of 2A^A;-th root of unity. -^R x U2Nk is a sub- 
group of the Heisenberg group, that we call a finite Heisenberg group. It is 
contained in the commutator of i? x {!}, so it acts on Ti^. By Theorem 2.2 
in [CMllaj . T-L^ has an orthonormal basis (^^;^ G Z/A^fcZ) satisfying 



T:fNk'^i = e^'^i, T*,^,^e = ^i+i (5) 



So the eigenvalues of T*,^^^ : T-Lk — ^ ^fc are the numbers e'^^ , i G Z/NkZ, 
they are all simple. We can construct such a basis by choosing first a nor- 
malized ^0 G ^^^C^e/Nk ~ ■'■*^) ^^^ defining the other vectors ^£ with the 
second equation of ([5]) . The only indeterminacy in the choice of this basis is 
the phase of ^q . In this paper we will often use the following normalization 
of the phase: 

*o(0) e neR>o. (6) 

where fig G 5 is such that {p{n1){e) = 1. We have that 

^e{-x) = ^^-eix). 

This property does not depend on the normalization. 

2.2 Asymptotical properties 

2.2.1 Basis vectors as Lagrangian states 

Consider a fixed basis (e, /) of the lattice R. Choose Qg satisfying ip{Q,'^){e) = 
1. Then for any k, there exists a unique orthonormal basis {'^e,k) of T-L^ sat- 
isfying ([5]) and dl]). In this section we collect some asymptotical properties 
of the states ^^ ^ as A: tends to infinity. 



First the sequence {^o,k) concentrates on Me + Z/ in the foUowing sense: 
for any 5 G (0, 1), there exists a positive C such that 

\^o,k{x)\^Ce~''/'', (7) 

for all X G 2/ + 2 I"*^' ^^f ~^ ^^ modulo R and every k. 

Second ^o,fc has the following form on a neighborhood of Me. Let te be 
the unique holomorphic section of L which restricts to the constant section 
equal to 1 on Me. Then for any 5 G (0, 1), there exists a positive C such 
that 

|*o,fc(x) - (|^)'\^(x) Oe|^ Ce-'=/^ (8) 

for all X G [—5,5]f + Me and every k. In particular 

^O,m={^y^'^e + 0{k-^) (9) 

Equations ([7]) and ([8]) are the content of Proposition 3.2 of |CMlla] . 
Introduce the eigenvector 

'^'^TkN ^ ^""'^ 



of T^*t i^u with eigenvalue 1. One proves by applying Poisson summation 
formula (cf. proof of Theorem 2.3 in |CMllaj ) that 

/ k \i/4. 



<&fc(0) = e*4(^— j 0/ + 0(A;— ) (10) 

where Oj G 5 is such that (/?(ri^)(/) = 1. Then considering the basis (/, — e) 
of R instead of (e, /) , one deduces from Equation ([TD and ([S]) the asymptotic 
behavior of (^fc)- For any b G (0, 1), there exists a positive C such that 

|$fc(x)|^Ce-^/^, 

for all x G 2^ + 2 t"*^' '^l^ + ^/ modulo i? and every k. Furthermore 

|$fc(x)-e*?(|^)'^'t^(x)®%|^Ce-'=/^ 

for all X G [— 5, 5]e + M/ and every k. Here i/ is the unique holomorphic 
section of L restricting to the constant section equal to 1 on M/. 



2.2.2 Microsupport 

Consider a family (^^ G Tij}; k G Z>o). We say (^fc) is admissible if there 
exists a positive C and an integer M such that 



The microsupport of (^fc) is the subset MS(^fc) of E defined as follows: x ^ 
MS(^fc) if and only if there exists a neighborhood U of x and a sequence 
(Cm) of positive numbers such that for any M and any k, 

My)\ ^ CMk-^', yyeu 

MS(^fc) is a closed set of E, /^-invariant. 

Remark 2.1. By ([7|) and dS]), the microsupport of (^o,fc) is IRe + Z/. More 
generally consider a family (^^ G "H^) of normalized vectors such that 

with Afc a sequence converging to A. Then using that ^k = T^ t'^o^k up 
to a phase, we deduce from ^ and ([8]) that the microsupport of (^fc) is 
-A/ + Z/ + Me. D 

In the sequel we will deduce the microsupport of some state {^k) from 
the asymptotic behavior of the coefficients of ^^ in the basis (^^^fc), by using 
the following proposition. 

Proposition 2.2. Let ^ = {^^ £ "W^ ; k 6 Z>o) he an admissible family. Let 
L CR be an open interval such that for any integer i 

-i/kNeL => {^f,,^i,f,^,)=0 

Then the microsupport of ^ does not intersect the set If + Me. 

Proof. Write ^k = 'Yl'^k,i^k/- iCk) being admissible one has 

\ak\ ^ C'k^' (11) 

for some M and positive C . Denote by (p, g) the linear coordinates of E 
dual to (e,/). Let x £ If + Me, so q{x) G /. Choose 5 G (0, 1) such that 
q{x) + [—l + 5),l — 5] C /. Let C be a positive constant such that Equation 
([7]) is satisfied. Since ^£^k = '^ef/kN'^o,k^ it follows from ([7]) that we have for 
any integer n 



i 1 



kN 2 



5 



'i^y) + r^ + o+"^9 ^ \'^^Ay)\ ^ ce-^"" (12) 



2 



Let y be such that \q{y) — q{x)\ < \{\ — 5). If l/Nk G / modulo Z, then 
ct£,fc = 0. Otherwise, one has for any n 

which imphes by ([l2]) that |^£,fc(y)| ^ Ce~^/^ . Using this with ([11]) and 
the fact that the dimension of T-L^ is Nk, we obtain 

This concludes the proof. D 

3 Knot state 

3.1 Definitions 

Consider as previously a real two dimensional symplectic vector space {E, uj) 
with a compatible linear complex structure j and a half- form bundle {5, ip). 
Let (A,//) be a basis of E such that oj{\,n) = A-k. We denote by Ilk the 
space of holomorphic sections oi L^ (^6 invariant with respect to the lattice 
XL © i/L. Introduce the following endomorphisms of T-ik 

M = T;,^k^ L = T*_,/,, and q = e^i . (13) 

Let ri^ G (5 satisfying ip{Q,'^){fi) = 1. As recalled in section \2A\ Tik has a 
unique orthonormal basis {^i, i £ Z/lkL) such that 

M^e = q'^i, L^e = 6-i (14) 

and Co(0) G M+0^. 

Let a, b be relatively prime positive integers. For any integer i, we denote 
by Ji the i-th Jones polynomial of the torus knot with parameter {a,b). 
Here we normalize the Jones polynomials in such a way that the i-th Jones 
polynomial of the trivial knot is (t^^ — t~^^)/(t^ — t~^). For any positive i, 
it is proved in [Mor95j that 

e-i 



10 



We set Jo = and J_£ = —Ji for any positive i. It is a property satisfied 
by any knot that J^(— e*'^/^'^) = J£+2fc(— e'™/^^). We let Z^ be the vector of 

Z, = ^JI^ E J.(-e-/-)6 (16) 

and call it the knot state. 

3.2 Topological quantum field theory 

Let us present the knot state in the realm of topological quantum field 
theory. We work with the group SU2 at a given level k and we do not 
take into account the anomaly correction to simplify the exposition. To any 
closed oriented surface S is associated a Hermitian vector space 14 (S). To 
any oriented compact three dimensional manifold N with a colored banded 
link (L, c) is associated a vector Zk{N, L, c) G Vk{dN). Here the color c is a 
map from ttq^L) to {1, . . . , A: — 1} 

Consider a knot K in the three dimensional sphere with peripheral torus 
S. Let Nk be a tubular neighborhood of the knot with boundary S. Thicken 
the knot K to get an annulus L whose boundary components are unlinked. 
Then the family (2'fc(7V/^,L,^), £ = 1, . . . , fc-l) is abasis of Vfc(S). It follows 
from the definitions of TQFT that the vector Zk{EK) S Vfc(S) associated 
to the knot exterior is given in this basis by the formula 

Zk{EK) = JlMT^/k) Yl Ji{-e'^^^'')Zk{NK,L,£) (17) 

e=i,...,k-i 

We refer the reader to Section 2.1 and Section 4.2 of |CMllaj for more 
details. 

Consider the vector space E = i/^(S,M) with its lattice R = iJ^(S,Z). 
Endow E with the symplectic form given by 47r times the intersection prod- 
uct. Let A and fi in R be the (classes of a) longitude and meridian of the 
knot. Introduce a compatible linear complex structure with a half- form line 
and define the quantum space Tik as in Section [3Tl Then choosing a vector 
fl^ £ 5 such that ip{Q,'i){fi) = 1, we get a basis {^i) of Hk satisfying Equa- 
tions (114p . Let Tif^ be the subspace of Tik consisting of alternate sections, 
that is the sections ^ satisfying 



11 



Since ^e{—x) = ^_£(x), the family (^^ — ^-e)e=i,...,k-i is a basis of T-if^- 
Let <I> be the isomorphism from Vfc(S) to 'H'^^ sending Zk{NK, L,£) into 
-j^{£,e — £,-e)- Since Ji = —Je, the image of Zk{EK) by $ is Z^, compare 
Equations pT|) and p^ . As a last remark, <l> is uniquely defined up to a 
power of i. This indeterminacy comes here from the choice of the orientation 
of the longitude and the meridian and of O^j. For additional properties of 
these morphisms, we sent the reader to Section 2.3 of |CMllaj . 

The lattice R = XL © [iL and the group Z2 act on E by translation 
and multiplication by ±1 respectively. This defines an action of the semi- 
direct product i? X Z2 that can be lift to the prequantum bundle L and the 
half-form bundle b as follows. For any (x, e) G i? x Z2, we let 

(x,e).(y,t;) = (2; + ey,et;), {y,v)^E^b 

(x, e).(z, -u;) = (x + z, e^^^^^'^^tu), (z, w) £ L 

The quotient of 5 and L by these actions are line (orbi)-bundles, that we 
denote respectively by 6 and -Lcs- The space "H^ is naturally isomorphic 
to the space of holomorphic sections of L^g CS) 6. As we will see in Section 
15.21 the quotient of E hj RyiZ2 is naturally isomorphic to the moduli space 
M{Ek), so that the knot state may be considered as a section over Ai{T,). 

3.3 Recurrence relation 

It was observed by Hikami in |Hik04a| that the Ji satisfy some q^-difference 
relations. These relations lead to the following characterizations of the knot 
state defined in Equation (fT6]) . 

Theorem 3.1. The state Z^ of the torus knot with parameter (a, h) satisfies 
the inhomogeneous equation 

Zk = {q~'Mr^'^'L~^Zk+ Yl e^q^'ig-'Mr^'+^'Z'^ (18) 



j=l,...,4 



where Zq is a vector ofH^ such that 

LZl = Zl Z0(0) = ^(A)'^'o, + 0(fc— ), (19) 

Oa G (5 is such that (^(r2|)(A) = 1 and the {ei,pi), i = 1,2, 3,4 are respectively 
given by (1, —a — h), (—1, —a + h), (1, a + h) and (—1, a — b). 
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An important point is that this characterization is independent of the 
basis {^i). In the sequel we will actually work with an other basis. 

Proof. With a straightforward computation one checks that the Jones poly- 
nomials satisfy the following recurrence relation: 

j.2abil~e) 

J,{t) = t^-^^^l-^) J,_2(t) + -, (t-^{a+b)[i-l)+2 _ ^-2[a-b)[i-l)-2 

t^ — t ^ 
_^ ^2(a+b)(e.-l)+2 _ ^2{a~b){e-iy2\ 

Consequently Z^ satisfies the inhomogeneous equation (|18p where Z^ is the 
state of Tik given by 



Q _sin(7r/A;) 

Z/i, - 



Vk ' q-q 



^ E «' 



E f 



^^^ l&/2k1 



e 
e. 



We deduce the estimation of Z^ (0) from Equation (fTUj) . D 

4 Knot state analysis 

4.1 Change of lattice 

Let D = 2ab. To handle equation (J18p . we introduce the lattice 

Rd = DfiZ © AZ 

and the vector space 'HD,k consisting of holomorphic sections of L (8) (5 such 
that T*^ = ^ for any x G Rij. Since Ru is contained in /iZ© AZ, the space 
Tik we considered in Section [3?T] is a subspace oiliD^k-, actually 

Uk = nD,k n ker(r; - id) (20) 

By section 12.11 T-Lf) ^ is 2/cD-dimensional. Introduce the following endomor- 



phisms of 'HD,k 

^> -R = ^lLm„_ou and q 

2kD 



S = T* , ^, R = T\ ^ ^^. and qn = e'uu (21) 



Since (—A, D/.f — 2A) is an oriented basis of Rd, 'HD,k admits a basis (^£; i G 
Z/2kDZ) such that 

S^^ = qi^e, i?$^ = ^^+1 (22) 

13 



and 

^o(O) = e*^ (A) '^'^A + 0(A;-°°), (23) 

Qx being the vector given in Theorem 13.11 

Theorem 4.1. For any positive integer k, the state Z^ of the torus knot 
with parameter (a, h) satisfies 

(Id -R-^)Zk = a{k)Yk mod E^ 

where E^ is the subspace ofTik generated by the family {^m —2k—ah+a+b ^ 
n < 2k — ah — a — b), Y^ is the vector ofH^k given by 

Yk = R-''\W - R--)iR' - R-')^o = Yl e.^-ab+p, 

i 

with {ei,pi) defined as in Theorem 1^. Jl and {a{k)) a sequence of complex 
numbers satisfying 

a(A:) = Ag-'^+^^ + 0(A:"°°). 

v2 

For the proof we estabhsh various lemmas. 

2 2 

Lemma 4.2. For any integer r, we have: Af = q^ S^'^^ R"^ = q~^ R^S"'^'^ . 
Proof. Formula ([2]) implies that 

X y x+y 

The results follows easily from the definition of M, R and S, cf. Equations 
dnD and (EH). D 

Lemma 4.3. There exists sequences am{k),m G Z/DZ such that 

Zk= X] am{k)'^2km- 



Furthermore ao{k) = A= + 0{k °°). 
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Proof. By Theorem 13. 11 Z^ belongs to the hne Tik n ker(Tw2fc ~ ^'^)- ^^^ ^^ 
check that this eigenhne is generated by the vector 

Pk= Yl ^™,M*o- 

meZ/DZ 

Since T^^^o = *o, we have that T*Pk = Pk, so by 1^, Pk belongs to Tik- 
Applying lemma li?2] to T* = M"^^ , we obtain that T^^^o is a multiple of 
^2mk- By Equation ([22]) . the eigenspace T^/j^fc n ker(Tw2fc —Id) is generated 
by the vectors ^2mk^ where m runs overs Z mod D"!,. So Pj, belongs to 
1^fcnker(T;/2fc-Id). 

To compare Pk and Z^, we estimate their value at 0. If tti 7^ 0, it follows 
from Equation ([7]) that (i;;^^o)(0) is a 0(A:-°°). So by equation ([231), 

''4 - 



Pfc(0) = e^-(— j Oa + 0(A;— ). 

The value of Z^ at is given in Equation ()19p . So Z^ = A^P^ with A^ = 
-j= + 0{k~°°). This proves the result. D 

Lemma 4.4. There exists sequences am,i{k),m G TLjDTL^i = 1,...,4 such 
that for any i, 

m&Z/DZ 

Furthermore, ao,i(^) does not depend on i and is given by 



ao,i{^) = Oio{k)q " ^ + i^ . 



Proof. By lemma W^ 

q^^{q~'Mr-''+P^Z'i= Y a,n{k)q''{q~'Mr-'+P^^2k. 



By lemma 1321 {q~^MY'^2mk is a multiple of ^2mfc+r) which shows the first 
part of the result. Let us compute this multiple for m = 0, 

By a straightforward computation, we get 

rf 0^ + 52 1 

ei-ri = h -D 

D DA 
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where ri = —ab + pi. So 

and the resuh fohows. D 

Proof of Theorem \4-l\ By lemma 14.21 equation (fT8]) is equivalent to 



k 



iid-R-^)Zk= Yl m'^ia'^MY^^^+p^z] 



i=l,...,4 

By Lemma 14.41 it comes 

j=l,...,4me2 



y^ eiao,j(^)*-a6+p, mod ^^ 



j=l,...,4 

Here we used that \pi\ ^ a + h, so that the vectors '^2m.k-ab+pi belong to E-^ 
when 771 7^ 0. Let us remind that the coefficients ai,o(^) do not depend on 
i. Set a{k) = ao^i{k). We have ^_ab+pi = -R~"^+*'*^o and 

Y^ eiRP^ = {R'' - R^''){R'' - R~^) 

and the result follows. D 

4.2 Solution of the recurrence relations 

From now on, we denote by (\I'^, i G Z/2kDZ) the basis oIT-Ld k determined 
by ([2^ and ([25|) . Litroduce the vectors of T-Lo^k 

^e = -^= Y e^"^^„,, I £ Z/DZ (24) 

Our aim is to prove the following theorem 

Theorem 4.5. There exists sequences 7^(A;), i £ Z/DZ such that for any 
positive integer k, the state Z^ of the torus knot with parameter (a, b) satisfies 



Zk= Yl ^dk)^e modS^^ 



i& 
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where Ek^+ is the subspace ofTik generated by the family {^m —ab + a + b ^ 
n < 2k — ab — a — b). Furthermore the 'yi{k) 's verify the following equations 

7_i(A;) = 0, 7o(A;) = -l3o{k) and 

y£, je{k) = e"iT^'^('-'he-2{k) + m), 
where for any £ G 'L/D'L, 



/3,(fc) = Cfc(-l)^sin(^) sm(^) + 0(A;— ) 
with Ck = — 4a(A;)(-^) , the constant a{k) being given in Theorem \4-l 



Observe that the ^^'s can be characterized up to a 0{k °°) by the fol- 
lowing equation 

/ A- N 1/4 
i2$o = ^o, <i>o(0) = i(— ) f^DM-2A + 0(A:^°°) (25) 

$^ = ^^'^^^o, ^ G ^/DZ (26) 

Here the estimate of ^o follows from equation (jlOp taking into account the 
difference in the normalization of ^o (we used Qx instead of ^-\)- 

The remainder of this section is devoted to the proof of Theorem l4.51 Let 
Ek^+ be the subspace of Tik introduced in Theorem 14.51 and let Ek^~ be the 
subspace generated by the family (^„, —2k — ab + a + b^n< —ab — a — b). 

Lemma 4.6. For any positive k, there exists sequences 7/,77) ^ ^ Z/_DZ 
such that 

Zk= Y^ 7+$^ mod E^^j^ 
i&Z/DZ 

and 

^k= Yl ^e^e mod E^_. 



Proof. Recall that for any i, \pi\ ^ a + 6. So by Theorem 14. H 

{ld-R-^)Zk = mod eI^. 

Thus the coefficients {Zk,^n) of Z^ coincide with a D-periodic sequence 
when ^n S Ek^±. Since any D-periodic sequence is a linear combination of 
the sequences exp(2i7r^j), (. G "L/DZ,, the result follows. D 
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Lemma 4.7. We have 7/ = 7^ + Pe, where /3e satisfies 

A = 4a(fe)yf(-l/+isin(^)sin(^). 

Proof. This is again a consequence of Theorem 14.11 Denote by P the endo- 
morphism of 'HD,k defined on the basis (^n) by 

m&Z/2kZ 

The coefficient fy are such that 

Y^ f3e^e = a{k)P{Yk) (27) 

eez/DZ 

We can extract the /3^'s from this equation by a discrete Fourier transform. 
We have 

eez/DZ 
Consequently 

Furthermore we have the equahty 

4 



> e^e D'^P' = -4smf — jsmf- 

which leads to the conclusion. D 

Lemma 4.8. For any £, we have 7"^ = — 7/- 

Proof. Since Zi^{—x) = —Zk{x) and ^„(— x) = ^_„(x), we have 
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Furthermore, (<!>£, ^_„) = (<l>_^,^„). So 



implies that 

and the result follows from Lemma 14.61 D 



Lemma 4.9. For any i, we have 7^=60 ' lt~2- 

Proof. Since Z^ belongs to "H^, it satisfies M'^^Zf^ = Z^. By lemma W2 

Consequently M'^^^I^ is a multiple of ^n+2k and 

Since M is an isometry, 

£gZ/-DZ 

implies that 



By Lemma Sm we obtain 7^2 — ln^ IT 2^(1 ^)_ □ 

Lemma 4.10. We have ^y^ = 2 /So, 71*^1 = and for any £ 

Proof. Lemma 14.81 for £ = — 1 and Lemma 14.91 for £ = 1 imply that 'y^-^ = 0. 
By lemmas 1121 70" = 70" + /^o and by lemma [48| 7(7 = ~7o'- So 

7o+ = 1^0 
Finally lemmas 14.71 and 14.91 imply the recurrence relation. D 
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4.3 Microlocal properties 

We will now deduce the asymptotic behavior of the knot state. We will 
consider separately the following subsets of E 

A = {-l,0)fi + RX, B = (R\D-^Z)X, C = D^'^{aZUbZ)X. 

4.3.1 On the set A 

Let us start with the asymptotic behavior of the ^^'s defined in Equation 

dMD- 

Proposition 4.11. For any £ G 'LjD'L, the microsupport of ^£ is j^X + 
AZ + {Dfi — 2A)M. Furthermore for any 6 £ (0, 1), there exists a positive C 
such that for all x G jjX + (—2; 2)"^ ~^ (^^ ~ 2A)M, we have 

/ h \ 1/4 

where tD^t-2A is the holomorphic section of L equal to 1 on the line {Dfi — 
2A)M and ^dh-2X £ & is such that ip{Q'j^ 2x){Df' ~ 2A) = 1. 

Proof. For i = 0, this is a consequence of ^ and dH) applied to the basis 
(Z)/U — 2A, A) of Rd- Indeed $0 is an eigenstate of T^iju-2X)/2kD '^i*^ eigen- 
value 1. Its value at is given in (j25]) . Then using that $£ = T^^^ ,^$0) the 
result follows for any i. D 

Let A be the open set (—1, 0)/x + RA of E. Introduce the open intervals 

Then we deduce from Proposition I4.1H Proposition 12.21 and Theorem 14.51 
the following 

Theorem 4.12. The microsupport of the state (Z/^) of the torus knot with 
parameter (a, 6) does not intersect A \ Ue^zle- Furthermore for any i £ 7^, 
for any xq G If, there exists a neighborhood V of xq, such that 

on V where tD^-2A is the holomorphic section of L equal to 1 on the line 
(D/j, — 2A)M, ^Dfj,-2X £ 6 is such that {p{Q,'j^ 2x)(^l^ ~ 2-^) ~ ^ ^'^^ ^^^ 
0{k~°°) is uniform on V. 
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4.3.2 On the set B 

The Alexander polynomial of the torus knot with parameter (a, h) is 

Introduce the holomorphic section tx of L which restricts to the constant 
section equal to 1 on MA. Let Qx £ 5 chosen as in Theorem 13.11 It is 
characterized up to sign by the condition ^^(A) = 1. The following theorem 
has been proved in |CMlla] . 

Theorem 4.13. For any x^ G A(M\-^Z), there exists a neighborhood U <Z E 
of Xo and a sequence {f{-,k)) ofC^{U,C) such that the state Z/^ of the torus 
knot with parameter (a, b) 

where the O is uniform with respect to x. Furthermore /(•, k) has an asymp- 
totic expansion for the C°° topology of the form, /q + k~^ fi + . . . with coeffi- 
cients fi G C°°{U). The leading term satisfies 

foiqX) = ' ^^ l~ f' wUh a = e2-'? 

for any qX £ U . 

We recall briefly the proof for further use. We will use tools of microlocal 
analysis which were developed in the articles |Cha03a] and |Cha03b| . The 
properties we need are summarized in [CMllaj . It follows from Theorem 
14.11 and Proposition 12. 2|, that the knot state Z^. is a microlocal solution of 

(Id -R~^)Zk = a{k)R~^''{R"^ - R~''){R'' - i?"^)*o (29) 

on the open set MA + (—1, l)/x, cf. Section 5.1.2 of |CMllb| for the notion 
of microlocal solution. 

Denote by p and q the linear coordinates of E associated to the basis 
(£>//- 2A, A) and let a = exp{2iTrq). By Theorem 3.1 of [CMllaj . Id -R'^ is 
a Toeplitz operators of "Hz^.fc with principal symbol 1 — a^. By assumption, 
1 — a does not vanish at Xo- So we can invert Id —R~ on a neighborhood 
of xq and deduce that 

Zfc = a{k)Tk^Q 
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on a neighborhood of Xq, where T^ is a Toeplitz operator with symbol 



D\—i "h, n —nx, h —h^ G — a 



-1 



(1 - fj^)- ^"((7'^ - (J-'')(a'' - fj-") 



Aa,6(cT2)- 



To conclude we use the fact that ^o is a Lagrangian state, cf. Section [2.2. 11 
and that we know how Toeplitz operators acts on Lagrangian states, Propo- 
sition 2.7 of |Cha03b| . The computation of /o follows from the normalization 
(j23]) and the fact that a{}i) = 4^ + 0(A:"^). 

4.3.3 On the set C 

Theorem 4.14. Lei i G (aTL U 6Z) and Xq = 2^A. Then there exists a 
neighborhood U d E of Xq such that for all x £ U, 

/ k \ 1/4 



-[^y^\'xix)'S>fix,k)nx + oik 



+ [^) t'iix)(S>f{x,k)nx + 0{k-^), yxGV 

where the O is uniform with respect to x, jki^) is defined in Theorem \4.5\ 
tDfi~2X is 0, section of L and ^d^i-2X d vector in 5 satisfying the same as- 
sumptions as in Theorem \4.12 . and f{-,k) is a sequence ofC°^{U,C) satis- 



fying the same assumptions as in theorem \4-13[ 



Any solution of Equation (129p is the sum of a particular solution and a 
solution of the homogeneous equation 

(ld-i?--^)^fc = (30) 

The following lemma describes the solution of this latter equation on the 
open subset 

U = Xo + ^{-1, 1)A + i(-l, 1)(^ - 2/D\) 

of E. This does not require that I £ (aZUbZ), this assumption will be used 
for the construction of a particular solution. 



Lemma 4.15. The microlocal solution of Equation ^30\) on U are of the 
form 

^k = XkTl,x/Dt'bf.~2x(.x) ® Oz),._2A + 0{k-^) 

where the O is uniform on compact subsets of U , the integer i, the section 
tDfi-2X CLnd Q£)^2-2X S 6 are defined as in Theorem \4-12\ and A^ is a sequence 
of complex numbers which is 0{k'^) for some m. 
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Proof. By Proposition 14. IH T*^^,^t'^(x) (g) ^d^i-2\ is a microlocal solution 
of Equation (|3U|) on [/. Furthermore this section is not 0{k~°^) over 

D 



I:={xo + t{fi--X); tG(-i,i)}. 



Let M denote the space of microlocal solutions of (j30|) and A^nO(fc^°°) the 
subspace of solutions which are 0{k~°°) uniformly on any compact subset 
of U. A^ is a module over the ring TZ of complex valued sequences which are 
0{k^) for some m. To conclude it suffices to show that A^/7W r\0{k~°°) is 
free and has dimension one over TZ. 

Introduce as in Section [4.3.21 the function a and recall that Id—R^^ is 
a Toeplitz operators of 'HD,k with principal symbol 1 — a . Observe that 
the zero level set of 1 — a^ intersects U in the connected set /. If the 
symbol a took real values, we could directly conclude that M/0{k~°°) is a 
one-dimensional module over 7^, cf. Theorem 5.2 of |CMllbj . Actually this 
conclusion holds true. It can be proved by writing / — R~ over U on the 
form fk{T) with T a Toeplitz operator with principal symbol q and (Z^) a 
sequence in C°°(IR, C) such that fk{x) = 1 - exp{2iTrxD) + 0{k-^). D 

To conclude the proof of Theorem 14.141 we construct a convenient par- 
ticular solution. 

Lemma 4.16. There exist a sequence f{-,k) satisfying the same assump- 
tions as in Theorem \4-14\ such that 

^)"\\[x)® f{x,k)n^ + 0{k-°°) 

is a microlocal solution of Equation 1^29^) over U. 

Proof. Since i G (aZU bZ), there exists two Laurent polynomials Pi and P2 

such that 

(1 - R~D) = (^^2ine/D _ iJ)p^(iJ) 

and 

Any microlocal solution of 

Pi{R)^k = a{k)P2{R)'^o (31) 



is a microlocal solution of (j29p . The remainder of the proof is the same as 
for Theorem 14.131 D 
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5 Topological invariants 

5.1 Character varieties 

This chapter is based on the papers |Kla91j of Klassen and |DK07j of Dubois- 
Kashaev. Consider a torus knot K with parameter (a, b) and let M(Ek) be 
the space of representations of the knot exterior Ek in SU2 up to conjuga- 
tion. The fundamental group vr of E^ has the presentation {x,y\x^ = y }. 
The class of the meridian is /i = x"^y" where m and n are integers satisfying 
an + bm = 1. 

The subspace A4^^{Ek) oi A4{Ek) consisting of abelian representations 
is homeomorphic to a segment [0, 1] B t, the representation p parametrized 
by t is the abelian representation such that Tr{p{fi)) = 2cos(7rt). The sub- 
space Ai"'^{EK) of Jv[[Ek) consisting of irreducible representations is the 
disjoint union of (a — 1)(6 — l)/2 open interval Ia,p- We will index these 
intervals by the set of couples (a, /3) G {1, . . . , a — 1} x {1, . . . , 6 — 1} such 
that a and /3 have the same parity. The closure c\{Ia^p) of Jo,/? consists of 
the irreducible representations p such that 

Tr(p(x)) = 2cos(a7r/a), Tr(p(y)) = 2cos(^7r/6). 

One deduces from the proof in |Kla91j the following parametrization: cl(/c»,/3) 
is homeomorphic to the interval [0, 1] 3 t, the representation p corresponding 
to t being given by 

p{x) = exp(^Z)), p{x) = Rt ex.p{^D)R^t 

where D is the diagonal matrix with entries (2i7r, — 2i7r) and Rt is the rota- 
tion matrix of angle i7r/2, 



Rt 



cos(t7r/2) -sin(i7r/2) 
sin(i7r/2) cos(t7r/2) 



p is abelian if and only if t = or 1. 

By a straightforward computation, we have that 

Tt:{p{p)) = 2(c^ cos(^(a6m + Pan)) + s^ cos{-^{abm — f3an))^ 

with c = cos(t^) and s = sin(t^). So we can alternatively parametrize la^p 
by the conjugacy classes of p{p) as follows. Consider the quotient of Z, by 
(2a6Z) XI Z2 where (2a6Z) acts by translation and —1 € Z2 by — Id^. Each 
equivalence class in this quotient has a unique representative in {0, ... , ab}. 
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Denote by k^ a and k'^ a the representatives of [ahm-\-f3an\ and [ahm — Pan] 
in {0, . . . , ah} ordered in such a way that k^ a ^ ^a 0- ^^ ^^^^ ^^^ ^^ Lemma 
[Q] that 

We denote by Pa,i3,t the (class of a) representation in the closure of /q,^^ such 
that 

Tr(pa,/3,t(^)) = 2cos(^t), fc-^ ^ t ^ fcj^. 

Let us study now the integers k^ a and A;~^ 

Lemma 5.1. The group morphism 

(f : Z/2abZ -^ {Z/2aZ) x (Z/26Z), [k] -^ {[k], [k]) 

is injective. Its image consists of the couples ([a], [/?]) such that a and j3 
have the same parity. If ^{[k]) = ([a], [/3]) then k = abm + /3an mod labZ,. 

Let V be the set of couples (a, /3) G {1, . . . , a — 1} x {1, . . . , 6 — 1} such 
that a and (3 have the same parity. 

Lemma 5.2. The map from V x {+ , —} to {0, 1, . . . , ab} which sends (a, /3,e) 
into k^ a is injective. Its image is {0, 1, . . . , ab} \ {oL U 6Z). 

Proof. The morphism (p of Lemma l5.ll satisfies ^p{X) = Y with 

Y = Z/2abZ \ {{aZ/2abZ) U {bZ/2abZ)). 

and y the subset of Z/2aZ x Z/2bZ consisting of couples (a, /?) such that 
a and (3 have the same parity, a ^ 0,a and /? / 0,6. The map ^ from 
Pxlzbl}^ to X sending (a, /3, ei, £2) to (eia, £2/?) is a bijection. Furthermore 

^ o c^-1 ({(a, /3)} X {±1}2) = {fc+^, -A.+^, A.-^, -fc-^}. 

From this, it is easy to conclude. D 

So the closures of the /q^/j's are pairwise disjoint. The abelian repre- 
sentations which are limit of irreducible ones satisfy Tr(/3(^)) = 2cos(^£) 
where i is an integer which is not a multiple of a or of b. These represen- 
tation are in one to one correspondence with the pair of conjugate roots of 
the Alexander polynomial. 
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5.2 Peripheral torus 

Let us consider now the space A4{T,) of representations of the fundamental 
group of the peripheral torus T, in SU2. M{T,) is a quotient oi E = Hi{T,, M) 
in the following way. Let vr be the map from E to Ai{T,) 

7t{x){j) = exp((7.x)D), 7 G H^{^,R) 

where D is the same matrix as above and the dot . stands for the intersection 
product, vr induces a bijection between Ai{Ti) and the quotient of E by 
R yi 7j2, where R = Hi(T,,Z) acts by translation on E and — 1 € Z2 acts by 
-Ids. 

Let A be the longitude whose linking number with the knot vanishes. 
The curves A and fi may be viewed as classes in ifi(S,Z), defining a basis. 
The restriction map r from A4 {Ek) to 7W(S) is an embedding, its image 
being vr([0, i]A). It is known that A = x"'fj,~°'^. From this one deduces that 
the restriction map r from Ai"^{EK) into 7W(S) is given by 

For any integer i which has the same parity of \^q and such that ^~a ^ 
I < /c+^, let 

li,P = {Pt,a,(3; tG{i,i + 2)}c Ia,(3 (32) 

Note that r(/^ a) = 7r(I^) where Ii is the interval defined in (i28]l . Conversely, 
r~^(7r(/£)) is the union of the Ie^a,i3 where (a,/3) runs over the set Ve given 
by 

-Pg = { (a, 13) G V/ k^^p ^£< k+f^ and a = £ mod 2} . (33) 

5.3 Chern-Simons invariant 

For any representation p G M{Ek), the Chern-Simons invariant CS(p) is 
defined as an element of the fiber at r{p) of a line (orbi)-bundle Lcs — ^ 
M{T,). As was explained in |CMllbj . the bundle Lcs is naturally isomorphic 
to the quotient of the prequantum bundle L ^ E hy the action of i? x Z2. 
As a fact, the section of r*Lcs — ^ -MiEx) sending p into CS(p) is flat. 
Furthermore the Chern-Simons invariant of the trivial representation po is 
the class of 1 G Lq = {0} x C. Since M{Ek) is connected, the Chern-Simons 
invariant is determined by these two properties. 
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Recall that the asymptotic expansion of the knot state is given in terms 
of the section iD^-2A of L — t- i?, which restriction to the line {D^ — 2A)]R is 
constant equal to 1. Let us compute the Chern-Simons invariant in terms 
of this section. 

Lemma 5.3. For any integer i with the same parity of k^ a and such that 

^aH^^^^aB '^'^'^ /^'^ '^''^V ^ ^ (^5^ + 2), the Chem-Simons invariant at 
Pt,a,i3 is the class of 

^t (.-.-, )(m-,)(^*^^^^^^^_^^) (^ A + (, _ ^,^( A _ H)). (34) 

Proof. For any line V of E which goes trough the origin, the constant sec- 
tions of -L — )• y are flat. Since the Heisenberg group acts by isomorphisms 
of prequantum bundle, the pull-back of any flat section by an element of the 
Heisenberg groups is still flat. So Equation ^^ defines a flat section over 
the line 75 + (75 — 2)^' '^^ conclude it suffices to show that it has the right 
phase. 

The restriction r sends Ai (Ek) on 7r(RA), so the Chern-Simons invari- 
ant of any abelian representation p is the class of 1 G Lfx where t is any real 
such that r{p) = 7r(tA). The closure of Ia,is in A4{Ek) intersects J^''^^{Ek) 
at the two abelian representations with trace 2cos(^£) where ^ = k~ a and 
^aB respectively. Since Equation (f34l) is equal to I ior i = k~ a = t, this 
proves the result for ^ = k~g. To deduce it from the other values of ^, it 
suffices to compare the value of Equation (i34l) for (£, t) = {k~a.,l' — k~ a) 
and (^,t) = (f,0). ' 'n 

5.4 Reidemeister Torsion 

The Reidemeister torsion of a knot exterior may be viewed a a density 
on the character manifold. It has been computed in |Dub06] . With the 
normalization of [CMllaj . it is given on I^^p by 

Here p is the first linear coordinate on E associated to the basis {p,X), so 
that \dp\ is well-defined form on the quotient Ai{T,) except at the central 
representations. To compare with the asymptotic expansion of the knot 
state, let us evaluate the torsion on the tangent vector Dp — 2A to r^Ia^p). 
Since \r*dp\{Dp — 2A) = D, we have 

T/n ^\^ 2^3/27^ . /7ra\ . 2/vr/3 

TiDp — 2A) = ; — sm — sm — — 

ab \ a / V 
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Recall that we denote by 6 the half-form line and by (p the isomorphim 
from 5'^ to the canonical line ([T]). So for any z £ 5 and p G Ia,(3, v(^^) is 
a linear form on E, which defines by restriction a linear form on Tpla^^. In 
this way any form in T*Ia^j3®'C- has two square roots in 5. The Reidemeister 
torsion T(p) being a density, it can be considered as a form in T*Ia^^ <8) C 
well-defined up to sign, so it has four square roots in 6. 

The square root which appears in Theorem II .11 is defined by 

^^^^-■='''^i^y^'^-'^^H^)H^)''^^''' (35) 

where ^d^i~2\ G 5 is such that Vto^^2\{Dii — 2A) = 1. Its sign is chosen so 
that Equation ()25p is satisfied. This expression defines indeed a square root 
of T(/3) because by Lemma l5.ll k~ o = a mod 2aZ and k'^ a = f] mod 26Z. 
4 

5.5 Proof of Theorem 11.11 

First the knot state Zk{EK) G T{Vq^ ® 5,M.{T,)) considered in the intro- 
duction lifts to Zk G r(L^' (g) (5, -E), that is 

Zk{EK){^{x)) = Zk{x), \fxeE 

By Theorem 14. 121 the knot state is a 0{k~°°) at any point of vr(j4\ (U^g^/^)). 
From Theorem 14. 13^ we deduce the asymptotic expansion over the image of 
(M \ D^^'Z)X. It remains to consider the sets 7r{Ie) where the /^'s are the 
intervals defined in (I28p . Since a fundamental domain of {E,R xi Z2) is 
(—1, 0)^ -|- (0, ^)A, it is sufficient to prove the result for —l^i^ab—1. 
Since for any (a, /3), 

1 ^ K,p < </3 ^ab-1, 

r^^(7r(/^)) is empty for i = —1 or 0. So we have to prove that Z^^t) = 
0{k^°°) for T belonging to 7r(/_i) or 7r(/o). This follows from Theorem 
KT2[ because 7-i(A;) = and 7o(A:) = 0{k-°°). 

Then we proceed by induction over i. Recall that r~^(7r(/^)) is the union 
of the Ii,a,i3 where (a, /3) runs over Vi, cf. (|32]l and (|33l) . For any (a, /3) G Vi, 
by Lemma 15.31 there exists a complex number ^i^a^pik) such that for any 
tG (^,^ + 2), 
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where xt is the point of Ii such that 7r{xt) = Pt,a,i3- Furthermore, this 
complex number is given by 

7£,a,/j(^) = tt^TmI-) eD^ ^,p)\^ <.,p> (36) 

i2'/''\7r/ ^l■D^l-2\ 

We have to prove that 

{a,li)(iVi 

We wiU show that the left hand side satisfy the same recurrence relation as 
the ji{k)^s. 

There are three cases to consider according to ^ is a multiple of a or b, 
^ = k~ o for some (a,/3) or i = k^ o for some (a,/3). Assume we are in the 
first case so that Ve^2,a,i3 = 'Pe,a,i3- By equation p6]) . 

li,aAk) = e'^^^^'-^hl-2,aAk) (37) 

We recover the recurrence relation of Theorem 14.121 because /3f(/c) = in 
this case. 

Assume now that i. = k~, o, for some couple {a' ,j3') so that Vi = V(,-2 U 
{(q;',/3')}. Equation (l37l) is still satisfied for the couples (a,/3) G Vi^2- By 
a direct computation, we deduce from Equations ([37|) and ([35]) that 

which leads to the recurrence relation we look for. 

Finally, assume that I = k'^, a, for some couple (a',/3') so that Vi = 
Ve,^2 \ {(a', /3')}- Using that 

Kfi^KAKfi-KA=^ ^0^201 
we obtain first that 



Then using that 

/Trk~ r,\ /Trk~ a\ /irk^ r,\ /nk'^ „■ 
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we obtain that 

which gives the conclusion. 

To end the proof, we have to consider the set 7r{D~^{aZ U 6Z)A). For 
these representations, the result follows from Theorem 14. 141 and the previous 
considerations on the 7r(/£)'s. 



6 Other related asymptotics expansions 

Theorem 11.21 is a consequence of Theorems II. H 14.121 14.131 and 14.141 as was 
explained in [CMllbj . Section 4.2. We can deduce more general asymp- 
totics for the WRT invariants of the Dehn filling of the torus knots where 
the attached solid torus contains a banded knot. Section 4.3 of [CMllbj . 
In particular we obtain asymptotic expansion for evaluation of the colored 
Jones polynomials as follows. 

Let {^i) be the basis of T-ii^. determined by Equations (|14|) . By definition 
of the knot state, we have that 

' sm(7r/A;j 

We can evaluate the scalar product {Zk,^i) by using some pairing formula, 
which gives the following theorem. 

Theorem 6.1. Let -£ G Z and I be a closed interval such that I C (j), ^-)- 
Then for any integers k > and m such that m/2k G /, we have 



sm — sm -- e"*''" 5 



2 



{Zk,im) = V /— , , , , 

^^ \/ah \ a J \ 

(Q,/3)G7'f_iUPf ^"" 



sinfvr-'"^ 



where po, p^^jB are integers and the 0{k^^) is uniform with respect to k and 



m. 



This is an application of Theorem 4.6 in [CMllbj and Theorem 6.4 in 
[CMllaj . 
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